Math 3B (Trigonometric Integrals)

Facts about Trigonometric Integrals
involving Sine and/or Cosine

Explanation

Power Notation for Trig. Functions

We usually use the shorthand notation of
sin™(x) to mean (sin(x))™. Note that
sin~!(x) denotes the inverse of the sine
function and not (sin(x))~!. The above
two notation rules for sine also hold for
the other trigonometric functions.

sin?(0) + cos*(0) = 1

Pythagorean Identity used to solve
Trigonometric Integrals involving odd
powers of sine or cosine.

Half-angle (power reducing) formula for

sin?(6) = 1 — cos(20) sine used to solve Trigonometric Integrals
2 involving even powers of sine.
Half-angle (power reducing) formula for
cos?(6) = 1+ Czs (20) cosine used to solve Trigonometric

Integrals involving even powers of cosine.

Rules to Integrate Products of Powers of
Sine and Cosine (These rules also work
when there is only sin(z) and cos(x) in
the integrand. That is, m and n can be
Z€ro)

/ sin™ (z)cos"(z) da

Case 1: If m and n are both odd, then
chose only one function (either sine or
cosine) to “break one off” and then use
the Pythagorean Identity on the
remaining even power function. Ignore
the power of the other function.

Case 2: If m and n do not have the same
parity (one is even and the either is odd),
then choose the function with an odd
power to “break one off” and then use the
Pythagorean Identity on the remaining
even power function. Ignore the original
even power function.

Case 3: If m and n are both even, then
use the half-angle identities on both sine
and cosine.
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1. Evaluate [ sin®(x) dz.

Solution:

Let u = cos(x), so du = —sin(z) dx.

/smd(x) dx = /sinQ(m)sz’n(x) dx
_ / (1= cos?(x))sin(z) dz
- [ a)-au

:/—1+u2 du

3
u
- wr¥ o
wt gt
cos®(x)

C
3 +

= —cos(r) +

2. Evaluate [ sin®(x)cos®(z) d.

Solution:

Let u = sin(x), so du = cos(x) dx.

/ sin®(x)cos’(z) dv = / sin®(z)(1 — sin?(x))cos(z) dx

u” o’
=—-—+C
T 9 *
sin”(z)  sin®(x)
= — C
7 9 *

3. Evaluate [ sin®(z)cos*(x) du.
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Solution:
Using sin®(z) = (1 — cos(2x)) and cos®(z) = 1(1 + cos(2x)), we find

/sz’nQ(x)cos4(x) dx = / L= 035(2:13) : <1 i c;s(Z:z;))z dx

1
=3 / 1 + cos(2z) — cos*(2x) — cos®(2x) dx

1 ( / | + cos(22) — cos?(2x) dx — / cos(21) dx) ,

8

where the integral has been split to emphasize that the last part is similar to problem
1! Now, using cos?(2z) = (1 + cos(4z)) and u = sin(2z), we find

1 1
/1 + cos(2z) — cos®(2x) dr = /1 + cos(2x) — 3 5005(4@
_x  sin(2x)  sin(4r)
=5 t— ~——%5 * C

and

/ cos(22) du dz — / (1= sin2(22))cos(22) da

::%/u—u%du

u U3

Finally, we find

1 n (2 n(4 in (2 n3(2
/sinQ(:v)cos4(x) dr — . g+ sm; x)  sin(dx) Lo (sm; x) N sm6( x) +D>

1z sin(dz) sin®(2x)
_8@_ s 6 ¢

_x sin(4x)  sin®(2x)
=% e a4 ¢

Make sure you understand what happened with the constants!
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Facts about Trigonometric Integrals
involving Tangent and Secant

Explanation

1+ tan*(z) = sec?(x)

Pythagorean Identity used to solve
Trigonometric Integrals involving powers
of tangent and secant.

Rules to Integrate Products of Powers of
Tangent and Secant

/ tan™(z)sec™(z) dx

Case 1: If n (the power of secant) is even,
then break off sec?(z) and use the
Pythagorean Identity

(sec?(x) = 1+ tan*(z)) on the remaining
even power of secant.

Case 2: If m (the power of tangent) is
odd, break off one sec(x) and tan(z)
(sec(z)tan(x)), then use the Pythagorean
Identity (tan®(z) = sec*(z) — 1) on the
remaining even power of tangent.

4. Evaluate [tan®(z) sec*(z) dx.

Solution:

Let u = tan(x), so du = sec?(x).

R — — —

/ tan®(z)sect(x) dz

tan®(x)sec?(x)sec?(x) dx
tan®(z)(1 + tan®(z))sec®(z) dx

u®(1 + u?) du

9

u
_r Y e
7 * 9 *
tan"(z)  tan®(z)
= C
7 9 +

5. Evaluate [ tan®(z)sec®(z) dx.

Solution:
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Let u = sec(x), so du = sec(x)tan(x)dx.

/ tan®(x)sec’

tan*(x)sec® (r)sec(x)tan(z) dx
sec?

)2sec®(x)sec(x)tan(z) dx

o= f o
/
/u_l -
/
-/

ut — 2u? —l—lu du

—2u" 4+ u® du
13 9yl 40
=——-—+—+4C
13 11 * 9 *
13 9secl] 9
_ sec (x)  2sect(x) | sec (x) Lo
13 11 9
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